We establish some necessary and sufficient conditions on the pairs of Banach lattices E, F under which each positive weak almost Dunford-Pettis operator T : E →
Introduction and notation
A norm bounded subset A of a Banach lattice E is said to be almost DunfordPettis set , if every disjoint weakly null sequence (f n ) in E converges uniformly to zero on A, that is, lim n→∞ sup x∈A f n (x) = 0. Recall from [5] an operator T : X → F from a Banach space X into a Banach lattice F is called weak almost Dunford-Pettis if T carries each relatively weakly compact set in X to an almost Dunford-Pettis set in F , equivalently, whenever f n (T (x n )) → 0 for every weakly null sequence (x n ) in X and every disjoint weakly null sequence (f n ) in F . An operator T from a Banach space X into another Y is called Dunford-Pettis if T (x n ) → 0 for every weakly null sequence (x n ) in E [1] .
Note that every Dunord-Pettis operator T : X → F is weak almost DunfordPettis, but the converse is not always true. In fact, the identity operator of the Banach lattice ∞ is weak almost Dunford-Pettis (because ∞ has the weak Dunford-Property ) but it is not Dunford-Pettis (because ∞ does not have the Schur property). A Banach space X has -the Schur property, if x n → 0 for every weakly null sequence (x n ) ⊂ E.
-the Dunford-Pettis property (DP property for short), if x n w → 0 in X and f n w → 0 in X imply f n (x n ) → 0. A Banach lattice E has -the positive Schur property, if x n → 0 for every weakly null sequence (x n ) ⊂ E + . -the weak Dunford-Pettis property (wDP property for short), if every relatively weakly compact set in E is almost Dunford-Pettis, equivalently, whenever f n (x n ) → 0 for every weakly null sequence (x n ) in E and for every disjoint weakly null sequence (f n ) in E see Corollary 2.6 of [5] . Recall that the lattice operations of a Banach lattice E are -weakly sequentially continuous whenever f n
It follows from Proposition 3.1 of [3] that a Banach lattice E has the AMcompactness property if and only if for every weakly null sequence (f n ) of E , we have |f n | w → 0. For exemple, the Banach lattice 1 has the AM-compactness property, but L 2 [0, 1] does not have this property. An operator T : E → F between two Banach lattices is a bounded linear mapping. It is positive if T (x) ≥ 0 in F whenever x ≥ 0 in E. If T : E → F is a positive operator between two Banach lattices, then its adjoint T : F → E , defined by T (f )(x) = f (T (x)) for each f ∈ F and for each x ∈ E, is also positive. For the theory of Banach lattices and positive operators, we refer the reader to monographs [1, 7] . In this paper, we will give a necessary and sufficient conditions on Banach lattices for which each weak almost Dunford-Pettis operator has an adjoint which is Dunford-Pettis (Theorem 2.1, Corollary 2.3 and Theorem 2.5). Also, we conclude that if E and F be two Banach lattices such that E or F has the AM-compactness property, then each positive weak almost Dunford-Pettis operator T from E into F has an adjoint T from F into E which is DunfordPettis if and only if the norm of E is order continuous or F has the Schur property (Corollary 2.6), and we derive some consequences (Corollaries 2.7, 2.8, 2.9 and 2.10).
Main Results
Recall from Theorem 2.10 of [5] that a positive operator T from a Banach lattice E into another F is weak almost Dunford-Pettis whenever its adjoint T from F into E is one. In particular, if an adjoint T of a positive operator T is Dunford-Pettis, then T is weak almost Dunford-Pettis.
Note that there is a positive weak almost Dunford-Pettis operator which its adjoint is not Dunford-Pettis, indeed the identity operator Id 1 :
1 → 1 is weak almost Dunford-Pettis because 1 has the weak Dunford-Pettis property but its adjoint Id ∞ :
∞ → ∞ is not Dunford Pettis because ∞ does not have the Schur prorerty. Now, we give some sufficient conditions for which each positive weak almost Dunford-Pettis operator has an adjoint which is Dunford-Pettis.
Theorem 2.1. Let E and F be two Banach lattices. Then each positive weak almost Dunford-Pettis operator T : E → F has an adjoint T : F → E which is Dunford-Pettis if one of the following assertions is valid:
(1) the norm of E is order continuous and E has the AM-compactness property, (2) the norm of E is order continuous and F has the AM-compactness property, (3) F has the Schur property.
Proof. (1) and (2) Let T : E → F be a positive weak almost Dunford-Pettis operator and let (f n ) be a weakly null sequence in F . In the two cases we
(2) Since (f n ) be a weakly null sequence in F and F has the AM-compactness property, then |f n | be a weak null sequence in F . Hence, T (|f n |)
On the other hand, let x n be a norm bounded disjoint sequence of E + . Since the norm of E is order continuous, it follows from Corollary 2.9 of Dodds and fremlin [4] that x n w → 0 in E. Hence, as T is a weak almost Dunford-Pettis operator, by Theorem 2.5 of [5] we obtain f n (T (x n )) → 0, and from
we have that [T (f n )](x n ) → 0 and hence by Corollary 2.7 of Dodds and Fremlin [4] that T (f n ) → 0, as desired. (3) In this case, every operator T : E → F has an adjoint T : F → E which is Dunford-Pettis.
We need to recall, from Theorem 3.3 of [3] , the following sufficient conditions for which a Banach lattice has the AM-compactness property. (1) E has the Dunford-Pettis property and its norm is order continuous, (2) the topological dual E is discrete, (3) the lattice operations in E are weakly sequentially continuous, (4) the lattice operations in E are weak sequentially continuous.
As a consequence of Theorem 2.1 and Theorem 2.2, we obtain the following result.
Corollary 2.3. Let E and F be two Banach lattices. Then each positive weak almost Dunford-Pettis operator T : E → F has an adjoint T : F → E which is Dunford-Pettis if one of the following assertions is valid:
(1) E or F has the Schur property, (2) the topological dual E is discrete with an order continuous norm, (3) the norm of E is order continuous and F is discrete, (4) the norm of E is order continuous and the lattice operations in F are weakly sequentially continuous, (5) the norm of E is order continuous and the lattice operations in F are weak sequentially continuous, (6) the norms of E and F are order continuous and F has the DunfordPettis property.
Proof.
(1) In this case each positive operator T : E → F has an adjoint T : F → E which is Dunford-Pettis. For (2), (3), (4), (5) and (6), it follows from Theorem 2.2 that E or F has the AM-compactness property. Since the norm of E is order continuous, Theorem 2.1 implies that each positive weak almost Dunford-Pettis operator T : E → F has an adjoint T : F → E which is Dunford-Pettis.
The proof of the next Theorem is based on the following Proposition. Proposition 2.4. Let X be a Banach space and F be a Banach lattice. Then, each operator T : X → F that admits a factorization through the Banach lattice 1 , is weak almost Dunford-Pettis.
Proof. Let P : X → 1 and Q : 1 → F be two operators such that T = Q • P . Let (x n ) be a weakly null sequence in X and let (f n ) be a disjoint weakly null sequence in F . It is clear that P (x n )
1 has the Dunford-Pettis property, then
This prove that, T is weak almost Dunford-Pettis.
For the converse of Theorem 2.1, we have the following Theorem.
Theorem 2.5. Let E and F be two Banach lattices. If each positive weak almost Dunford-Pettis operator T : E → F has an adjoint T : F → E which is Dunford-Pettis, then one of the following assertions is valid:
(1) the norm of E is order continuous, (2) F has the Schur property.
Proof. Assume by way of contradiction that the norm of E is not order continuous and F does not have the Schur property. We have to construct a positive weak almost Dunford-Pettis operator T : E → F such that its adjoint T : F → E is not Dunford-Pettis. Since the norm of E is not order continuous, it follows from the proof of Theorem 1 of Wickstead [9] the existance of a sublattice G of E, which is isomorphic to 1 , and a positive projection P : E → 1 . On the other hand, as F does not have the Schur property, there exists a weakly null sequence (f n ) ⊂ F such that f n = 1 for all n. Moreover, there exists a sequence (y n ) ⊂ F + satisfying y n ≤ 1 and some > 0 such that |f n (y n )| ≥ for all n. We consider the operator Q :
1 . Now, consider the positive operator T = Q • P : E → 1 → F then, by Proposition 2.4 T is weak almost Dunford-Pettis operator but its adjoint T : F → E is not Dunford-Pettis. Indeed, as the operator P : E → 1 is surjective, there exist K > 0 such that K.B 1 ⊂ P (B E ), where B E is the closed unit ball of H = E or 1 . Hence
for every n, where
is the canonical basis of 1 . This prove that T is not Dunford-Pettis, we obtain a contradiction. Corollary 2.6. Let E and F be two Banach lattices such that E or F has the AM-compactness property. Then the following assertions are equivalent:
(1) each positive weak almost Dunford-Pettis operator T : E → F has an adjoint T : F → E which is Dunford-Pettis, (2) one of the following assertions is valid: (a) the norm of E is order continuous, (b) F has the Schur property. -if E has the AM-compactness property then the result is follows from Theorem 2.1 assertion (1).
-if F has the AM-compactness property then the result is follows from Theorem 2.1 assertion (2). (b) ⇒ (1) Follows from Theorem 2.1 assertion (3).
If E = F in Corollary 2.6, we obtain the following characterization.
Corollary 2.7. Let E be a Banach lattice has the AM-compactness property. Then the following assertions are equivalent:
(1) each positive weak almost Dunford-Pettis operator T : E → E has an adjoint T : E → E which is Dunford-Pettis, (2) the norm of E is order continous, If we put T = I E in Corollary 2.7 where I E is the identity operator of E, we obtain the following result.
Corollary 2.8. Let E be a Banach lattice has the AM-compactness property. The following statement are equivalent:
(1) E has the Schur property, (2) E has the weak Dunford-Pettis property and the norm of E is order continuous.
(1) ⇒ (2) Obvious.
(2) ⇒ (1) Since E has the weak Dunford-Pettis property, then I E is weak almost Dunford-Pettis operator. As the norm of E is order continuous, Corollary 2.7 implies that the adjoint I E : E → E is Dunford-Pettis and hence E has the Schur property.
By Corollary 2.8 and Corollary 2.6 of [6] , we derive the following characterization.
Corollary 2.9. Let E be a Banach lattice has the AM-compactness property. E has the Schur property if and only if E has the positive Schur property.
Recall from page 215 of [2] that a Banach lattice G has the Schur property if and only if G has positive Schur property and the lattice operations in G are weakly sequentially continuous. ( * ) As consequence of property ( * ), Theorem 2.2 and Corollary 2.9, other characterizations for the topological dual, of Banach lattices with the Schur property are given in the following Corollary.
Corollary 2.10. Let E be a Banach lattice. Then the following assertions are equivalent:
(1) E has the Schur property, (2) E has the positive Schur property and the lattice operations in E are weakly sequentially continuous, (3) E has the positive Schur property and E has the AM-compactness property.
(1) ⇒ (2) We put G = E in property ( * ). Remark 1. There exists a Banach lattice G which has the AM-compactness property but its topological dual G does not have the Schur property. In fact, consider G = 1 , it has the AM-compactness property but G = ∞ does not have the Schur property.
